We introduce a noncommutative and noncocommutative Hopf algebra H GT which takes for certain Hopf categories (and therefore braided monoidal bicategories) a similar role as the GrothendieckTeichmüller group for quasitensor categories. We also give a result which highly restricts the possibility for similar structures for even higher weak n-categories than bicategories by showing that these structures would not allow for any nontrivial deformations. Finally, we suggest two possible constructions which might lead to representations of the Hopf algebra H GT . 
The Hopf algebra H GT
In [Dri] Drinfeld introduced the Grothendieck-Teichmüller group by considering the (formal) reparametrizations of the data (commutativity and associativity isomorphisms) of a quasitensor category. Consider now braided (weak) monoidal bicategories arising from the representations of a Hopf category (as defined in [CF] ) on 2-vector spaces (see [KV] ), i.e. on certain module categories.
Lemma 1 The (formal) reparametrizations of the data of the above mentioned braided (weak) monoidal bicategories define a self-dual noncommutative and noncocommutative Hopf algebra H GT .
Proof. While -as in the original definition of the Grothendieck-Teichmüller group by Drinfeld -on the data of a quasitensor category we have -by formal reparametrizations -the action of a group, in the categorified situation of a braided weak monoidal bicategory we can not have a group acting on the data but get the action of a monoidal category C GT . But -by the assumption that we consider only braided weak monoidal bicategories which are the representation categories of Hopf categories -any formal reparametrization of the braided weak monoidal bicategory has to be induced from a similar formal reparametrization of the Hopf category generating it. To induce the required bicategorical braiding, only special types of Hopf categories can appear where the relevant data are, again, a commutativity and an associativity isomorphism and the two corresponding dual structures. But on these data of a Hopf category we can -completely similar to the quasitensor category case where only "half" of these data appear -not have the action of a monoidal category but only of a Hopf algebra H GT (acting on one "half" of the data or coacting on the dual part). Since the monoidal product of C GT is defined by composition of reparametrizations, C GT is not symmetric (and not even braided). Hence, H GT has to be noncommutative and noncocommutative. Since the dual of a Hopf category is a Hopf category, again (i.e. the class of Hopf categories is closed under the duality operation as is the class of Hopf algebras, in contrast e.g. to the class of groups), H GT has to be a self-dual Hopf algebra (i.e. it dually pairs to itself).
Lemma 2 There is an algebra morphism from H GT to the group algebra of the Grothendieck-Teichmüller group.
Proof. Since, as explained above, one "half" of the data of a Hopf category is similar to the one of a quasitensor category, the conclusion follows.
Remark 1 Observe that the above map is only a morphism with respect to the associative alegbra structure of H GT . Also, it can not be surjective since there are compatibility constraints between the commutativity and associativity isomorphisms and their dual structures.
One could have the idea to extend this approach to higher braided weak monoidal weak n-categories beyond the level of bicategories where for tricategories one would expect a so called trialgebra to replace the Hopf algebra H GT .
Definition 1 A trialgebra (A, * , ∆, ·) with * and · associative products on A (where * may be partially defined, only) and ∆ a coassociative coproduct on A is given if both (A, * , ∆) and (A, ·, ∆) are bialgebras and the following compatibility condition between the products is satisfied for arbitrary elements
whenever both sides are defined.
Trialgebras were first suggested in [CF] and first concrete examples for this notion were given in [GS1] and [GS2] . The representation category of a trialgebra is a bialgebra category and under a suitable triangularity assumption we get Hopf categories. With similar arguments as above, one can, indeed, conclude that in the tricategorical setting (i.e for tricategories with a generalization of a braided monoidal structure on them) we would get a trialgebra T GT instead of the Hopf algebra H GT . Both bialgebras (which are Hopf algebras even, in this case) which T GT consists of are self-dual and the two products have to agree. As a consequence, both products are universally defined, then.
Lemma 3 The trialgebra T GT is trivial in the sense that it is a commutative Hopf algebra, i.e. basically an abelian group.
Proof. Since both products agree, we can without loss of generality assume that we have a unital product. But then we can apply an Eckmann-Hilton type argument to conclude that the product is abelian.
Corollary 4 T GT consists -up to rational factors -only of the identity.
Proof. Using a similar argument as the one providing the algebra morphism from H GT to the Grothendieck-Teichmüller group GT , we get that T GT is even given by an abelian subgroup of GT . But by definition of GT (see [Dri] ), we get triviality then.
So, on the level of tricategories (and, consequently, for higher categorical levels), one gets only generalizations of braided monoidal structures which do not allow for deformations. Especially, there is no nontrivial deformation theory of trialgebras into e.g. an algebraic structure compatibly involving two products and two coproducts, further generalizing the deformation of groups into Hopf algebras into trialgebras. So, on the level of trialgebras a kind of stability is reached. Observe that this non existence of deformations is much stronger than usual rigidity in cohomology theory since we can not only exclude deformations in a given category of structures but also deformations to higher categorical analogs of the structure. E.g. the usual rigidity results in the theory of classical Lie algebras do not exclude the deformation of the universal envelope into a noncommutative and noncocommutative Hopf algebra but -as we just mentioned -we can exclude deformations of trialgebras into algebraic structures involving four or more products and coproducts joined in a compatible way. We suggest the term ultrarigidity for this kind of stability.
Remark 2 Since Hopf categories are linked to four dimensional topological field theory (as Hopf algebras are to the three dimensional case), see [CF] and [CKS], this seems on the algebraic level to mirror the fact that geometry in dimension five and higher is in some sense much simpler than the three and four dimensional cases. There is also a more physical interpretation of this result: Since bialgebra categories are linked to certain types of quantum field theories on noncommutative spaces (see [GS3]), we can see this as saying that quantum field theory on noncommutative spaces is a stable structure in some sense, not allowing for a further generalization of the passage from classical to quantum field theory to quantum field theory on noncommutative spaces.
Remark 3 There is a straightforward way to generate self-dual Hopf algebras from finite groups. Take the group Hopf algebra H 1 and the function algebra on the group which also has the structure of a Hopf algebra H 2 . These two Hopf algebras are dual to each other in the sense of a dual pairing (see e.g. [KS] ). Now, let H be the symmetric part -with respect to the tensor product -of [GS3] ).
So far, we know only a few abstract properties of the Hopf algebra H GT . One would, especially, like to have some knowledge on representations. We give two conjectural proposals for the construction of representations in the next section.
Representations
As is well known, the so called q-number and q-calculus setting (see [KS] ) provides an elegant way to construct representations of quantum groups. Since one can realize one of the trialgebras constructed in [GS2] as a symmetry of a system of infinitely many q-oscillators (see [GS4] ), one suspects that one can use this q-calculus approach of replacing numbers by their q-number counterparts in the trialgebraic setting, too. Remember that GT can be seen as a quotient of the motivic Galois group (see [Kon] ) and that there is an equivalent description of motives -defined as the representations of the motivic Galois group -in terms of so called framed motives, i.e. matrices P ij with entries from the algebra of periods satisfying
where ∆ is the triple coproduct corresponding to the isomorphism between Betti and de Rham cohomology (see e.g. [Kon] for the detailed definition). Let such a framed motive (P ij ) ij be given. Since P ij is a period, we can represent it as a multiple integral of an algebraic function over an algebraic domain. Now, replace any integral
appearing with f an algebraic function and a, b algebraic numbers in the following way by a q-integral (see e.g. [KS] for the definition of the q-integral): Observe, first, that without loss of generality we may assume that a = 0 and b = 1 since this involves only a rescaling of the coordinate axis by an algebraic number. So, we replace
where f q is defined as the function which we get from f by replacing any integer constant appearing in the definition of f by the corresponding qnumber analog. We suspect that by giving this approach a fully rigorous formulation it should be possible to construct a representation of H GT from one of GT .
Remark 5 Observe that for H GT there is no evidence which allows for the conclusion that -as we have it for the case of the Grothendieck-Teichmüller and the motivic Galois group -all representations can be defined from this framed motives setting.
We now come to a second (as well conjectural) possibility to get representations of H GT : Since, as we mentioned above, certain noncommutative quantum field theories are linked to bialgebra categories, one conjectures that these theories should carry representations of H GT (supposedly via a renormalization scheme for such noncommutative quantum field theories, see [GS3] ).
Conclusion
We introduced a noncommutative analog of the Grothendieck-Teichmüller group and made a conjectural suggestion for the construction of representations. We also proved a stability property (ultrarigidity) excluding deformations of certain higher categorical structures than bicategories. Further work will especially deal with physical applications of this stability result.
